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In this paper we show that in the presence of torsion and a metric with an antisymmetric part
one can construct a gravitational analog of Faraday’s law of electromagnetism.
I. INTRODUCTION
In a curved Riemannian background the covariant
equations of motion for the electromagnetic field Fµν take
the form
∇νF
νµ = Jµ, (1)
(−g)−1/2ǫµνστ∇νFστ = 0, (2)
where g is the determinant of the metric gµν . Equation
(2) can also be written in the convenient form
∇νFστ +∇τFνσ +∇σFτν = 0, (3)
and for brevity, we shall refer to Eq. (2) as Faraday’s Law
even as it encompass Gauss’ Law of Magnetism as well.
Because of the antisymmetry of the ǫµνστ tensor density
Levi-Civita symbol Eqs. (2) and (3) have no gravitational
counterpart in a metric theory of gravity that is based on
standard Riemannian geometry where both the metric
and the connection have no antisymmetric piece. How-
ever, since the Cartan torsion tensor is antisymmetric
on its last two indices, and since a 16-component metric
tensor would possess 6 antisymmetric components in ad-
dition to its standard 10 symmetric ones, with them one
can introduce some antisymmetric structure into gravity
theory. Here we show that precisely such antisymmet-
ric structure will enable us to construct a gravitational
analog of Faraday’s Law.
II. THE LEVI-CIVITA, TORSION, AND SPIN
CONNECTIONS
To establish our result we will need to consider the cou-
pling of a fermion to a geometry with torsion, and to this
end we first recall how torsion is introduced into gravity
theory. In order to construct covariant derivatives in any
metric theory of gravity one must introduce a connec-
tion Γλµν , which has to transform under a coordinate
transformation xµ → x′µ as
Γ′λµν(x
′) =
dx′λ
dxα
dxβ
dx′µ
dxγ
dx′ν
Γαβγ(x) +
d2xρ
dx′µdx′ν
dx′λ
dxρ
. (4)
For pure Riemannian geometry the connection is given
by the Levi-Civita connection (here and throughout we
follow the notation given in [1])
Λλµν =
1
2
gλα(∂µgνα + ∂νgµα − ∂αgνµ). (5)
Λλµν is symmetric in its µ, ν indices, to thus have 40 in-
dependent components, and with it one can construct a
covariant derivative operator ∇µ, with the metric obey-
ing metricity conditions with indices sequenced here as
∇µg
λν = ∂µg
λν + Λλαµg
αν + Λναµg
λα = 0,
∇µgλν = ∂µgλν − Λ
α
λµgαν − Λ
α
νµgλα = 0. (6)
To introduce torsion one takes the connection to no
longer be symmetric on its two lower indices, and defines
the Cartan torsion tensor Qλµν according to
Qλµν = Γ
λ
µν − Γ
λ
νµ. (7)
With this antisymmetry Qλµν has 24 independent com-
ponents. Unlike the Levi-Civita connection the torsion
Qλµν transforms as a true rank three tensor under gen-
eral coordinate transformations. In terms of the torsion
tensor one defines a contorsion tensor according to
Kλµν =
1
2
gλα(Qµνα +Qνµα −Qανµ), (8)
and with Kλµν one constructs the generalized connection
Γ˜λµν = Λ
λ
µν +K
λ
µν , (9)
to give a connection that now has 64 independent compo-
nents, the maximum number possible in a 4-space. With
this generalized connection also obeying Eq. (4) (since
Kλµν transforms as a tensor), one can construct a covari-
ant derivative operator ∇˜µ, with the metric now obeying
a generalized metricity condition
∇˜µg
λν = ∂µg
λν + Γ˜λαµg
αν + Γ˜ναµg
λα = 0 (10)
with respect to the connection Γ˜λµν .
A torsion theory is then defined to be one in which one
replaces Λλµν by Γ˜
λ
µν , with the Riemann tensor
Rλµνκ = ∂κΛ
λ
µν − ∂νΛ
λ
µκ + Λ
η
µνΛ
λ
ηκ − Λ
η
µκΛ
λ
ην (11)
2for instance being replaced by the Riemann-Cartan ten-
sor
R˜λµνκ = ∂κΓ˜
λ
µν − ∂νΓ˜
λ
µκ + Γ˜
η
µν Γ˜
λ
ηκ − Γ˜
η
µκΓ˜
λ
ην .(12)
To incorporate half-integer spin first in a gravity the-
ory without torsion one introduces a set of vierbeins V aµ
in a torsionless Riemannian space where the coordinate a
refers to a fixed, special-relativistic reference coordinate
system with metric ηab, with the Riemannian metric then
being writable as gµν = ηabV
a
µ V
b
ν . Because the vierbein
carries a fixed basis index its covariant derivatives are not
given via the Levi-Civita connection alone. Rather, one
introduces an independent, and as yet torsion indepen-
dent, second connection known as the spin connection
ωabµ , with it being the derivative
DµV
aλ = ∂µV
aλ + ΛλνµV
aν + ωabµ V
λ
b (13)
that will transform as a tensor under both local trans-
lations and local Lorentz transformations provided the
spin connection transforms as
ω′abµ = Λ
a
c(x)Λ
b
d(x)ω
cd
µ − Λ
bc(x)∂µΛ
a
c(x) (14)
under V aµ (x
λ) → Λac(x)V
c
µ (Λ
λ
τx
τ ). If we now require
metricity in the form DµV
aλ = 0, we find that ωabµ is
then completely determined in terms of the vierbeins,
being given by the antisymmetric, 24-component
− ωabµ = V
b
ν ∂µV
aν + V bλΛ
λ
νµV
aν , (15)
i.e. by
− ωabµ =
1
2
(V bν ∂µV
aν
− V aν ∂µV
bν)
+
1
2
V bαV aν(∂νgαµ − ∂αgµν) = ω
ba
µ . (16)
To couple spinors to gravity in a Riemannian space
without torsion, one starts with the free massless
Dirac action in flat space, viz. the Poincare invariant
(1/2)
∫
d4xψ¯γai∂aψ + H.c., where γaγb + γbγa = 2ηab.
To make this action invariant under local translations
one introduces a (−g)1/2 factor in the measure and re-
places γa∂a by γ
aV µa ∂µ. While the resulting action
is then invariant under spacetime independent Lorentz
transformations of the form ψ → exp(wabΣab)ψ where
Σab = (1/8)(γaγb−γbγa), when the function w
ab is taken
to be spacetime dependent, to continue to maintain in-
variance one has to augment the action with the spin
connection of Eq. (16), to then obtain the curved space
Dirac action
ID =
1
2
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω
bc
µ )ψ +H.c. (17)
An integration by parts in ID and use of
∂µV
aµ + (−g)−1/2∂µ(−g)
1/2V aµ + ωabµ V
µ
b = 0,
γa[γb, γc]− [γb, γc]γa = 4ηabγc − 4ηacγb (18)
yields
ID =
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω
bc
µ )ψ
−
1
2
∫
d4x(−g)1/2iψ¯γaV
µ
b ω
ab
µ ψ
+
1
2
∫
d4x(−g)1/2iψ¯V aµ(Σbcγa − γaΣbc)ω
bc
µ ψ
=
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω
bc
µ )ψ. (19)
To now generalize the spin connection and the Dirac
equation to a space with torsion one replaces Λλµν by
Γ˜λµν , with the spin connection and metricity conditions
generalizing to
D˜µV
aλ = ∂µV
aλ + (Λλνµ +K
λ
νµ)V
aν + ω˜abµ V
λ
b = 0,
−ω˜abµ = −ω
ab
µ + V
b
λK
λ
νµV
aν = ω˜baµ . (20)
With this ω˜abµ , we obtain a torsion-dependent Dirac ac-
tion of the form
I˜D =
1
2
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω˜
bc
µ )ψ +H.c. (21)
An integration by parts in I˜D yields
I˜D = ID +
1
16
∫
d4x(−g)1/2iψ¯V aµV bλV
cν
× (Kλνµγa[γb, γc] + (K
λ
νµ)
†[γb, γc]γa)ψ, (22)
where ID is the torsion-independent Dirac action given
in Eq. (19). On taking Kλνµ to be Hermitian (i.e. on
taking Qλνµ to be real), use of
γa[γb, γc] + [γb, γc]γa = 4iǫabcdγdγ
5,
γ5 = iγ0γ1γ2γ3,
ǫabcdV µa V
ν
b V
σ
c V
τ
d = (−g)
−1/2ǫµνστ (23)
yields [2]
I˜D =
∫
d4x(−g)1/2iψ¯γaV µa (∂µ + Σbcω
bc
µ − iγ
5Sµ)ψ, (24)
where
Sµ =
1
8
(−g)−1/2ǫµαβγQαβγ . (25)
Recalling that ǫ0123 = 1, ǫ0123 = −1, use of
−(−g)−1ǫµνστ ǫ
µαβγ = δαν δ
β
σδ
γ
τ + δ
α
τ δ
β
ν δ
γ
σ + δ
α
σ δ
β
τ δ
γ
ν
−δαν δ
β
τ δ
γ
σ − δ
α
σ δ
β
ν δ
γ
τ − δ
α
τ δ
β
σδ
γ
ν (26)
enables us to rewrite Eq. (25) in the form
− (−g)−1/2ǫαβγµS
µ =
1
4
[Qαβγ +Qγαβ +Qβγα]. (27)
3In the action I˜D we note that even though the torsion is
only antisymmetric on two of its indices, the only compo-
nents of the torsion that appear in its torsion-dependent
Sµ term are the four that constitute that part of the
torsion that is antisymmetric on all three of its indices.
With I˜D admitting of an immediate generalization that
incorporates electromagnetism, viz.
I˜D =
∫
d4x(−g)1/2iψ¯γaV µa (∂µ +Σbcω
bc
µ
− iAµ − iγ
5Sµ)ψ, (28)
we see that in Eq. (28) Sµ is an axial field that minimally
couples to the axial fermion current in exactly the same
minimally coupled way as the standard electromagnetic
vector potential Aµ couples to the vector fermion current.
Because of this minimal coupling I˜D is both locally gauge
invariant under ψ → eiα(x)ψ, Aµ → Aµ + ∂µα(x), and
locally chiral invariant [2] under ψ → eiγ
5β(x)ψ, Sµ →
Sµ + ∂µβ(x). Additionally, as noted in [1], I˜D is locally
conformal invariant under V aµ (x)→ Ω(x)V
a
µ (x), ψ(x)→
Ω−3/2(x)ψ(x) since, just like the vector potential Aµ, the
equally minimally coupled Sµ also has zero conformal
weight [3]. The I˜D action thus has a remarkably rich
local invariance structure, as it is invariant under local
translations, local Lorentz transformations, local gauge
transformations, local axial transformations, and local
conformal transformations.
III. GRAVITATIONAL ANALOG OF
FARADAY’S LAW
We note immediately the similarity between the struc-
ture of the gravitational Eqs. (25) and (27) on the
one hand and the electromagnetic Eqs. (2) and (3) on
the other, with both involving a rank three tensor (viz.
∇µFντ and Qµντ ) that is antisymmetric on its last two
indices. To make the analog complete, we need to posit
that the torsion can be written as the covariant deriva-
tive of some, for the moment, general rank two tensor
Aµν that is itself antisymmetric [4]. Thus we posit that
one can write the torsion tensor as
Qµντ = ∇µAντ , (29)
where∇µ denotes the Levi-Civita-based covariant deriva-
tive and not the generalized torsion-based covariant
derivative ∇˜µ. With Eq. (29) we then obtain a gravi-
tational analog of the electromagnetic Faraday Law, viz.
∇νAστ +∇τAνσ +∇σAτν = −4(−g)
1/2ǫνστµS
µ, (30)
with Aµν serving as a gravitational analog of the elec-
tromagnetic Fµν , and with S
µ serving as a gravitational
analog of a magnetic monopole current should Faraday’s
Law possess such a source. Finally, if we set Sµ equal
to zero, we then obtain a Faraday-type law for gravity of
the form
∇νAστ +∇τAνσ +∇σAτν = 0, (31)
to thus establish that via the coupling of torsion to
fermions it is in principle possible to construct a grav-
itational analog of Faraday’s Law of electromagnetism.
IV. PHYSICAL SIGNIFICANCE OF Aµν
While we have introduced Aµν solely as a general an-
tisymmetric rank two curved space tensor that is related
to the torsion tensor via Qµντ = ∇µAντ , it is of inter-
est to ask whether, given its antisymmetry, Aµν could
be identified with some specific antisymmetric rank two
tensor that has previously been encountered in the liter-
ature. To this end we note that there are three physi-
cal possibilities for Aµν that immediately come to mind,
namely that Aµν be identified with the electromagnetic
Maxwell tensor Fµν , that it be identified with the Kalb-
Ramond field Bµν of string theory, or that it be identified
with the antisymmetric part of what would then be a 16-
component metric tensor.
In the past there has been much study in the literature
of the possibility that the electromagnetic Fµν could have
a geometric origin, as it could potentially lead to a unifi-
cation of gravitation and electromagnetism [5]. However,
an identification of the Aµν we have introduced with Fµν
cannot be immediate since not only do these two tensors
have different engineering dimension (Aµν is dimension-
less while Fµν has dimension of inverse length squared),
they also have different conformal weights (Aµν has con-
formal weight two while Fµν has conformal weight zero).
Thus to make an identification of Aµν with Fµν one would
have to introduce a parameter such as Newton’s con-
stant with the dimension of length squared. However
that would not be compatible with the conformal invari-
ance of the I˜D action from whence we obtained S
µ in
the first place, and so we do not consider this possibility
further.
A second possibility for Aµν is that it would be iden-
tified with the Kalb-Ramond field, Bµν , a massless ex-
citation in string theory [6]. This Bµν field serves as
a generalization of the electromagnetic vector poten-
tial Aµ to the string theory case, with Bµν coupling
to strings in a manner analogous to the way Aµ cou-
ples to point particles. In certain formulations of string
theory Bµν accompanies the graviton field that is asso-
ciated with the symmetric part of the metric. More-
over, associated with Bµν is a rank three field strength
generalization of the rank two Maxwell tensor Fµν , viz.
Hµλν = ∂µAλν + ∂νAµλ + ∂λAνµ. Just like the quantity
Qαβγ+Qγαβ+Qβγα that appears on the right-hand side
of Eq. (27), Hµλν is also antisymmetric on all three of its
indices. It would thus be of interest to see if one could
relate Hµλν to Qµλν , though that would be beyond the
scope of this paper.
4As to our third possibility, an identification of Aµν with
the antisymmetric part of the spacetime metric is actu-
ally quite feasible since, like Aµν , the metric also has zero
engineering dimension and conformal weight two. More-
over, with such an identification we can then construct a
geometrical analog of Faraday’s Law that fully respects
the very same local conformal invariance that the electro-
magnetic Maxwell equations themselves possess [7]. And
as we now show, in a non-symmetric gravity theory it is
actually possible to make an identification of Aµν with
the antisymmetric part of the metric just as we would
want.
Now taking the spacetime metric to have a non-
vanishing antisymmetric part would constitute a mod-
ification of standard, symmetric metric tensor gravity,
and such a modification has been studied in and of itself
quite extensively in the literature [8–12]. Moreover, if we
do wish to identify Aµν with the antisymmetric part of
the spacetime metric we would need to enlarge the theory
we have developed above and embed it in a theory that
is built on a 16-component metric tensor from the very
beginning. Various approaches have been developed in
the literature to treat such a 16-component metric the-
ory, since once the metric is not symmetric one can define
differing covariant derivatives depending on the sequenc-
ing of indices. Moreover, one can either specify the con-
nection to be the one that makes some specific covariant
derivative of the metric zero, or one can leave the con-
nection unspecified a priori and allow the equations of
motion themselves to determine the connection by sta-
tionary functional variation with respect to it (Palatini
approach). In this latter approach the resulting varia-
tion is not guaranteed to lead to a vanishing covariant
derivative of the metric, and in general even in the sym-
metric metric case does not do so for actions other than
the Einstein-Hilbert action itself.
Of particular interest for our purposes here is the spe-
cific non-symmetric gravity theory developed by Moffat.
Moffat’s approach is based on the Einstein-Hilbert ac-
tion, and using the Palatini formalism he found [9] that
in a weak gravity expansion around a flat Minkowski met-
ric ηµν , the first-order term in the connection takes the
form
Γλµν =
1
2
ηλα(∂µg
S
αν + ∂νg
S
µα − ∂αg
S
νµ)
+
1
2
ηλα(∂µg
A
αν + ∂νg
A
µα − ∂αg
A
νµ), (32)
where gSµν is the symmetric part of the 16-component
metric tensor and gAµν is its antisymmetric part. On com-
paring Eq. (32) with Eq. (9) we see that the antisym-
metric part of the connection is written as none other the
derivative of the antisymmetric part of the metric just as
we want [13]. Thus as we see, in non-symmetric grav-
ity theory one is able to derive a relation between the
torsion and the derivative of the antisymmetric part of
the spacetime metric, and in so doing one is then able to
derive a gravitational analog of Faraday’s Law of electro-
magnetism.
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